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Operator entanglement of two-qubit joint unitary operations is revisited. Schmidt number 



is an important attribute of a two-qubit unitary operation, and may have connection with the 
entanglement measure of the unitary operator. We found the entanglement measure of two- 



qh. qubit unitary operators is classified by the Schmidt number of the unitary operators. The 



exact relation between the operator entanglement and the parameters of the unitary operator 
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I. INTRODUCTION 

Unitary operations have been placed in a very important position in the quantum communica- 
tion and entanglement manipulating, such as, quantum cryptography [1], teleportationH, entan- 
glement swappingyfl, quantum states purification[4], entanglement production fl5|] and so on. In 
quantum teleportation, to transfer the unknown quantum state to the remote user, the sender must 
apply an joint unitary operator on the unknown state particle and one of the entangled particles. 
In quantum entanglement swapping, a joint unitary transformation on two particles(they are from 
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two different entangled pairs) will let two remote particles entangled without direct interaction. 
In entanglement purification process, joint unitary operations and measurements can transfer the 
entanglement from many partially entangled pairs to few near perfect entangled pairs. In entangle- 
ment generation, the joint unitary operations and single qubit operations can let the initially prod- 
uct particles entangled. From the above applications we can see that, it is the nonlocal attribute of 
the bipartite joint unitary transformation that plays the most important role. The nonlocal attribute 
of a bipartite joint unitary operator has been studied from different aspects, such as entangling 
power[6], operator entanglement! 7, 8|, and entanglement- changing power[9]. Entangling power 
is the mean entanglement(linear entropy) produced by acting with U on a given distribution of 
pure product statesD6|] . Because a quantum operator belongs to a Hilbert-Schmidt space, one can 
consider the entanglement of the operator itself, which is named as Operator entanglement[|7|]. 
It is a natural extension of the entanglement measures of quantum states II 10M 1311 to the level of 
general quantum evolutions. Up to now, several methods have been proposed to quantify the en- 
tanglement of an unitary bipartite operator, such as linear entropyDTJ], von Neumann entropyDSO, 
concurrence^ 4] and Schmidt strength [|15|| etc. The relations between the entangling power and 



id. 



these operator entanglement measures have also been discussed recently [|7,|8|, 

In general, the entangling power of an unitary operator is related to those operator entangle- 
ment measures in complicated or indirect ways, so does the relation between the different operator 
entanglement measures. Clarifying the exact relation between the entangling power and different 
operator entanglement measures, and the relation between different operator entanglement mea- 
sures will be very helpful for us to understand the nonlocal attributes and entanglement capacity 
of a joint unitary operator. After getting the whole nonlocal features of joint unitary operators, we 
can choose the optimal unitary operator to produce the specific entangled state as we want it to be, 
and the quantum communication protocols(such as teleportation, entanglement swapping etc) can 
be realized in an optimal way by introducing the appropriate joint operations 111 711 . For two-qubit 
unitary operators, the two operator entanglement measures Schmidt strength and linear entropy 
are shown to have a one-to-one relation between them for the Schmidt number 2 case, but no such 



relation exists for the Schmidt number 4 case[|16r|. This result also shows that, the Schmidt num 



ber is a very important parameter of an unitary operator when the entangling power and operator 
entanglement of it is concerned. In this paper, we are going to study the operator entanglement 
of joint two-qubit unitary operators with different Schmidt numbers. In this paper, we use the 
linear entropy as the entanglement measure of joint two-qubit unitary operator[J7i |8|], and study 
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the Schmidt number and the entanglement measure of any unitary operator in four-dimensional 
Hilbert-Schmidt space. The Schmidt number of two-qubit unitary operators has the following 
three possible situations: 1, 2 or 4[[l5]. We will show that the entanglement measure of two-qubit 
unitary operators is classified by the Schmidt number of the unitary operator. In the light of the 
numerical analysis, we can get the extreme value of the operator entanglement for the two-qubit 
unitary operators. Further, the relation between the operator entanglement and the parameters of 
the unitary operator will be clarified here. 



H. OPERATOR ENTANGLEMENT AND SCHMIDT NUMBER OF TWO-QUBIT JOINT 

UNITARY OPERATIONS 



There exist local unitary operators Ua,U b ,Va ,Vb and a two-qubit unitar y op erator U d , so that 
arbitrary two-qubit unitary operator U ab can be canonically decomposed as jl8[ll9| : 



U 



AB 



{U A ®U B )-U d -(V A ®V B ), 



(1) 



where Ud = exp[— ia\do B \, and d is a diagonal matrix. In the light of this theory, any bipartite 
unitary operator can be decomposed as the form above. Moreover, the entanglement measure 
of a unitary operator's must be invariant under the local unitary transformations II 1 4ll . So, the 
entanglement measure of any bipartite unitary operator can be simplified into the entanglement 
measure of operator Ud- In the standard computational basis, we have[20]: 
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where = cos(ci ± C2), s ± = sin(ci ± c 2 ), and one can always restrict oneself to the region 
f > ci > C2 > I C3 j , which is the so-called Weyl chamber[19]. 

Any operator U acting on the systems A and B can be written in the operator-Schmidt 
decomposition 112 ill : 

U = J2siA®B l , (3) 

1 

where si are the Schmidt coefficients with the positive value and Ai, Bi are orthonormal operator 
bases for A and B, respectively. To calculate the operator entanglement of the unitary operator 



4 



TABLE I: The Schmidt number versus the entanglement measure of the unitary operator U d . 

Schmidt number of U d Operator entanglement of Ud 

Sch = 1 E{U d ) = 

Sch = 2 < E{U d ) < \ 

Sch = 4 < E(U d ) < | 



f^ASjWe only need to make the Schmidt decomposition of the unitary operator U d . From the 
Ref.[8], entanglement measure of a unitary operator can be expressed as: 

A 



where d± and <i 2 are dimensions of A and B, respectively. So we can get the entanglement measure 
for the unitary operator Ud as follows: 

E(U d ) = 1 - -{1 - sin 2 (ci + c 2 ) cos 2 (ci + c 2 ) - sin 2 (ci - c 2 ) cos 2 (ci - c 2 ) (5) 



The Schmidt number[l 



[1 + 2 cos 2 (2c 3 )] sin 2 (ci + c 2 ) sin 2 (ci - c 2 ) 
[1 + 2 cos 2 (2c 3 )] cos 2 (ci + c 2 ) cos 2 (ci - c 2 )}. 
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150 is the number of non-zero coefficients si. For the unitary operator 



Ua, the Schmidt coefficients sj are as follows: 



Sl = 


[cos 2 (ci + c 2 ) + cos 2 (ci 
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(6a) 
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[sin 2 (ci + c 2 ) + sin 2 (ci 
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-c 2 )] 1/2 , 


(6b) 
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[sin 2 (ci + c 2 ) + sin 2 (ci 
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(6c) 


s 4 = 


[cos 2 (ci + c 2 ) + cos 2 (ci 


-c 2 ) 


— 2 cos(2c 3 ) cos(cx + c 2 ] 


cos(ci 


-c 2 )] 1/2 . 


(6d) 



We made numerical analysis for the Schmidt number and the entanglement measure of the unitary 
operator, and got the relation between the Schmidt number and the entanglement measure of the 
unitary operator( shown in Table. [Q. 



For the Schmidt number 4 case, the first plot in FigfT] shows how the entanglement measure of 
U d depends on the parameters C\ and c 2 for c 3 = when the Schmidt number of U d is 4. As the 
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FIG. 1: Entanglement measure of unitary operator Ud versus the parameters c±, c 2 for parameter C3 = 
0, vr/16, 7r/8, 7t/4, respectively, when the Schmidt number is 4. 

parameters c\ and c 2 approach to 0, which represents a unit matrix, the entanglement measure of 
the unitary operator approaches to 0. As the parameters c\ and c 2 are equal to |, which represents 
the SWAP gate, the entanglement measure of the unitary operator is equal to the maximum value 
|. As the parameters c\ and c 2 are increasing, the entanglement measure of unitary operator Ud is 
increasing too. If c 3 7^ 0, the changing pattern of the operator entanglement is similar to that of the 
C3 = case. From the other three plots in FigH] we can see that the minimum entanglement for the 
Schmidt-4 operator is oscillating with C3, and the maximum value and the period of the oscillation 
are 0.5 and |, respectively. When C3 = |, the minimum entanglement reaches its maximum 0.5. 
The maximum value of operator entanglement is still |. 



For the Schmidt number 2 case, if c 3 ^ 0, then C\ , c 2 must be zero, so the operator entanglement 
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FIG. 2: Entanglement measure of unitary operator Ud versus the parameters c\, c 2 for parameter C3 = 
when the Schmidt number is 2. 

can be expressed in a very simple form E{Ud) = \ sin 2 (2c3). Figf2] shows how the entanglement 
measure of Ud depends on the parameters c\ and c 2 for c 3 = when the Schmidt number of Ud is 
2. This curve is the boundary line of the first plot in FigJI] As the parameters c\ and c 2 approach 
to 0, the entanglement measure of unitary operator Ud approaches to 0. The entanglement measure 
of unitary operator will increase as the parameters c\ or c 2 increase. The entanglement measure of 
the unitary operator with Schmidt number 2 can get to the extreme value \. 

From the two figures we can see that, if we want to design an operation so that it has a specific 
operator entanglement(or entangling power), we have infinite design schemes(i.e. c±, C2, 03) for 
the Schmidt-number-4 type operations. But we only have two design schemes for the Schmidt- 
number-2 type operations. That is to say, Schmidt-number-4 type operations have a variety of 
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design schemes rather than the only two design schemes of the Schmidt-number- 2 type operations. 
So, the Schmidt-number-4 type operations are superior to the Schmidt-number- 2 type operations. 
In addition, the maximum operator entanglement of the Schmidt-number-4 type operations can 
reach |, while the maximum operator entanglement of the Schmidt-number-2 type operations 
only reaches ~. So, in practice, we will prefer the Schmidt-number-4 type operations. 



III. AN EXAMPLE IN CAVITY QED SYSTEM 



To demonstrate the abstract relation between the operator entanglement and the parameters of 
the unitary operator, we will take the following detailed example. Consider two two-level atoms(l, 
2) trapped in a single-mode optical cavity, and the two atoms are coupled to the cavity mode with 
the same coupling constant g. The excited state|e)j and the ground state|(/)j, (i = 1,2) are the two 
levels used to encode quantum information. The two atoms have different transition frequencies 
ui\, ui2, and u)\ ^ U2. The frequency of the cavity mode is denoted by ujq. The atom 1 is resonantly 
driven by an external classical field with coupling constant Vt. Suppose the cavity mode is initially 
prepared in vacuum state, under the large detuning condition 8\ = u\ — tu 3> g, 5 2 = u 2 — coo 3> g 

2 

and in the strong driving regime ft 3> the effective Hamiltonian of the total system can be 
expressed as [|22|l : 



H, 
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7T a l °2> 



(7) 



where A = j- is the effective coupling constant between atoms 1 and 2, and erf is the Pauli operator 



of the ith atom. The unitary transformation induced by this effective Hamiltonian can be expressed 



as: 
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f) J 



If we set Ci = y, c 2 = 0, c 3 = in Eq.©, it is just the joint unitary operator in Eq.©. That is to 
say, the above mentioned physical process is just a physical realization of the joint unitary opera- 
tion (0. The Schmidt number of the operator (|8) is 2, and the operator entanglement measure of it 
can be expressed as E(U e jf) = \ sin 2 (At). The relationship between the operator's entanglement 
measure and the effective interaction time \t between the two atoms is depicted in FigfJl From 
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FIG. 3: Entanglement measure of unitary operator U e ff versus the effective interaction time Xt between the 
two atoms. Here the Schmidt number of U e ff is 2. 

this figure we can easily see that the maximum operator entanglement is \ with Sch = 2. 



IV. CONCLUSION 

In this paper, the linear entropy and the Schmidt number of an arbitrary two-qubit unitary oper- 
ator is discussed. The results have shown that the Schmidt number is related with the entanglement 
measure of unitary operators closely. For the same operator entanglement within the range (0, ~], 
there exist infinite unitary operators with Schmidt number 4 but only 2 unitary operators with 
Schmidt number 2. In this sense, we can say that the unitary operators with Schmidt number 4 
can be realized more easily than the unitary operators with Schmidt number 2 if the same operator 
entanglement is required. In addition, for the unitary operators with Schmidt number 4, the range 
for the operator entanglement is (0, |]. But, for the unitary operators with Schmidt number 2, the 
range decline to (0, |]. There must be some requirement of entanglement which can be available 
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for the unitary operator with Schmidt number 4 only. 
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